Abstract. In order to solve the problem of designing the specific paths for the air-rail network, according to the research method for the p-hub median problem of hub and spoke network, a mixed integer programming model is established, direct flight is permitted in this model, with the minimum total transportation cost as the objective function. The model is solved using the shortest path algorithm which is based on traversal and search method. Finally, sample cities are selected to be applied to the model and its algorithm. The optimized objective value and specific paths are calculated with different variable parameters, and the air-rail network of China's fourteen cities is constructed. The result shows the close relationship among the minimum total transportation cost, the number of specific paths, number of hubs-m and the discount factor-ρ . The bigger the value of m and the smaller the value of ρ , then the smaller total transportation cost and the more specific paths; vice versa.
Introduction
Air-rail is the strategic option for airlines to response to the impact from high-speed railway. It has strategic importance for the development of airlines to design the air-rail network. However, at present, most studies have focused on discussing the feasibility of air-rail transport and its social and economic benefits. Researches on the air-rail network's design are rarely involved. Nian Yang (2012) [1] discussed the formation of air-rail network's structure from point view of hub capacity relocation, and proved the feasibility of using high-speed rail as substitution or complement to handle the feeder flights in support of the domestic capacity at hub airports. Fengjing Shao (2012) [2] studied the route choice problem from the passenger's point of view in her research of multi-subnet composited complex network and its operation, but the method was restricted to path search between two nodes.
If the high-speed rail is treated as the feeder airline part of airline network, the Air-rail network shall be regarded as a kind of special hub-and-spoke network. In the study of hub-and-spoke network design, the p-hub median problem refers to choose p nodes from n nodes as the hub, and then determine the connection method between the hubs and the non-hubs, to make the total transportation cost of the whole airline network minimum. In the early research, O' Kelly (1987) [3] studied the single allocation p-hub median problem, and set up the famous CAB data set for American air passenger transport network. Campbell (1994) [4] studied the single allocation and multiple allocation p-hub median problems under the conditions of hub capacity limitation and cost of develop new airline. Ernst and Krishnamoorthy(1996) [5] established the linear programming model with fewer variables and constraint conditions to solve the p-hub median problem, and proposed the heuristic algorithm based on simulated annealing and branch-bound. UMApHMP refers to uncapacitated multiple allocation p -hub median problem, which is one kind of NP-hard problems to design the hub-and-spoke network. At present, a lot of research [6] [7] [8] on this kind of problem is based on the situation without considering direct flights between non-hub nodes. However, in addition to being connected with the transit hub, the non-hub nodes also can be connected directly in reality. Aykin(1995) [9] extended the p-hub median problem, and the direct flights were considered in his model. Mingguo BAI(2007) [10] proposed a new heuristic TSSPA algorithm based on tabu search to solve UMApHMP under two situations: with direct flights and without direct flights. Jinfu ZHU(2009) [11] analyzed the construction methods for hub-and-spoke network optimization model.
In this paper, the research method for the p-hub median problem of hub-and-spoke network is used for reference. First, a mixed integer programming model is established with considering direct flights between non-hubs. Then, a new algorithm which is based on traversal and search method is proposed. Finally, an example is used to illustrate the model and its algorithm's application, the air-rail network of China's fourteen cities is constructed.
Model Construction of Air-rail Network

Assumptions and Instructions
Before constructing the model of air-rail network, we need to give some assumptions and instructions, such as the connection method between the hubs and the non-hubs, rules to determine the optimal air-rail transit path, number of allowed transshipment, whether the hub capacity limitation is considered and so on. The specific assumptions of the model are described as follows:
(1) There are N cities in the transportation market. The number of hub cities is set for m .
(2) Fully direct connection is assumed between the hub city and hub city; connection through the hub city transit as well as direct connection are allowed between the non-hub city and non-hub city; and multiple allocation is presumed between the hub city and the non-hub city.
(3) Assume that every passenger choose the lower cost path to travel, direct flight or air-rail. The air-air and rail-rail are not considered in the model. (4) Assume that the air-rail operation cost is involved in the price of air-rail ticket.
(5) Assume that only the air ticket price between two hub cities is sold at a discount. And the discount factor ρ is introduced.
(6) Assume that passengers would like to transfer once at the most, and the transit city should be the hub.
(7) The capacity limitation of airport and high-speed rail station are not considered in the model.
Symbols Description
In order to formulate the model clearly, We should give descriptions of the related symbols and variables in the model of air-rail network, and give the explanations what the symbols and variables represent. H :represents the set of hub cities which take the transit function in air-rail network.
Mathematic Model
Based on the above assumptions and symbols description, the model of air-rail network is constructed as follows:
. (1) is the objective function which represents the total transportation cost of air-rail network, and the first part represents the cost of direct flights, the second part represents the cost of air-rail. Formula(2) represents the total number of hub cities is m . Formula(3) represents the sum of the proportion of passengers who choose direct flight between any two cities and the proportion of passengers who choose air-rail between any two cities is 1. Formula(4)and(5) are the constraint conditions. Formula(4) represents that the transit hub cities should have the air port and the high-speed railway station at the same time. Formula(5) represents the cost of air-rail should be lower than the cost of direct flight, otherwise the passengers will not choose the air-rail. Formula(6)and (7) represents that if only one of the origin and destination is hub city, passengers could get transfer only once; and if both the origin and destination are hub cities, passengers have no choice but to choose direct flights. Formula (8) and (9) restrict the variable value.
Algorithm Design for Model of Air-rail Network
Since it has been assumed that passengers have to choose the lower cost path between direct flights and air-rail, so the value of decision variables ij x and ijk x in the optimum solution should be 0 or 1. That is,
We will design the shortest path algorithm based on traversal and search to get the connection method of every two cities in the air-rail network.
The basic train of thought is described as follows: First, define the set of candidate hub cities; second, choose randomly m cities from the set as the hub cities, and design traversal and search algorithm to get the lowest total cost of the air-rail network; third, all solutions is obtained by repeated iteration and calculation, choose the smallest solution as the desired value of objective function; finally, analyze the solution and get the specific paths of the air-rail network.
The Main Algorithm
Step 1: H is defined as the set of candidate hub cities, and 1 2 , ,
Step 2: Select randomly m cities from u cities in the set, m u ≤ , so there are Step 4: Set 1 k k = + , and calculate the present value of objective function, this value is 
The Sub Algorithm
Construct a graph ( , )
which is comprised of point set ( ) V G and edge set ( ) 
When m hub cities are selected into one hub city group, determine the sort order for the m hub cities. from city i to city j when the hub cityt is treated as transit point. The specific algorithm of traversal and search is described as follows:
Step 1: Set
Step 2: If , i j ∈ Η , set
Step 3: If t m = , the algorithm is over; otherwise, set 1 t t = + , turn to step 2. After m iterations, two matrixes could be met. They aer the minimum transport cost matrix ( ) 
Numerical Example and Analysis
We select fourteen representative cities, in which both air port and high-speed railway station are constructed, to verify the model of air-rail network and the algorithm. The Names and serial numbers of fourteen representative cities are shown as in the table 1. 
Determination of Candidate Hub Cities
The hub cities which play the transit role should be the important cities or the central cities of air-rail network. According to the complex network centrality theory, the degree centrality reflects the transportation ability of the city self, it measures the number of transportation lines which pass through a city; the closeness centrality reflects the independent transportation ability of a city, it measures the level that how much a city is not affected by other cities; the betweenness centrality reflects the transit transportation ability of a city, it measures the level that how much a city controls resources of transportation network. After calculation and statistic, rank of the above fourteen cities based on centrality is shown as in table 2. According to three kinds of centrality indicators in table 2, it shows that five cities which include Beijing, Shanghai, Guangzhou, Xi'an and Chengdu are always located in the forefront. This suggests that the five cities have strong ability of comprehensive transportation. Because the candidate hub cities should play the transit role in air-rail network, and the betweenness centrality is just reflect the transit ability of a city, so we select the top eight cities according to the value of betweenness centrality. Then the set of candidate hub cities include Beijing, Shanghai, Guangzhou, Chengdu, Xi'an, Dalian, Hangzhou and Xiamen.
Programming to Solve the Model
Using Matlab software to program for the model of air-rail network, we could obtain three aspects of results: the minimum total cost of air-rail network, the corresponding hub city of transshipment and the corresponding specific paths of air-rail network. Set According to table 3, we can get the following conclusions: (1) If the number of hub cities m remains the same, the smaller the discount factor ρ is, the lower the total cost of air-rail network is. (2) If the discount factor ρ remains the same, the larger the number of hub cities m is, the lower the total cost of air-rail network is. However, it is not the more transit hub cities the better, because it needs to invest a lot of money to construct a comprehensive transit hub. Next, we will show the results of specific paths under three parameter combinations: 3 m = , ρ = 0.6 ; 4 m = , ρ = 0.6 and 4 m = , ρ = 0.8 , as illustrated in tables 4-table 6. The corresponding number of the second line of the third column is 12. So the corresponding path is (2,12,-3) from city 2 to city 3. That is, if a passenger choose air-rail, he should by high-speed railway from city 2 to city 12, and then by air from city 12 to city 3. In practice, if origin is Tianjin and destination is Guangzhou, the cost of air-rail is 988.4 yuan, the cost of direct flight is 1433 yuan. Obviously passengers will be happy to choose the air-rail to travel. Notes:(1) From the line to the column, the number of next city station is recorded, negative for aircraft, positive for the train.
(2) Bold numbers represents the serial numbers of transit city. Separate parametric sensitivity analysis is carried out. The results show the close relationship among the minimum total transportation cost, the number of specific air-rail paths, number of hubs m and the discount factor ρ . The bigger the value of m and the smaller the value of ρ , then the smaller total transportation cost and the more specific air-rail paths; vice versa. In practice, the more transit hubs, and the more discount, the more likely passengers choose air-rail to travel.
Summary
We used the research method for p-hub median problem of hub-and-spoke network for reference, established a mixed integer programming model with considering direct flights between non-hubs. Then, we proposed a new algorithm which is based on traversal and search. Finally, we selected fourteen representative cities to illustrate the model and its algorithm's application. Our model is reasonable and we can use it to construct air-rail network of China. Designing the air-rail network rationally could provide airlines with ideas and technology reference to make air-rail program, and is also helpful for allocating the comprehensive transportation resources scientifically.
